We develop a simplified model for studying the long-term evolution of giant planets in protoplanetary discs. The model accounts for the eccentricity evolution of the planets and the dynamics of eccentric discs under the influences of secular planet-disc interactions and internal disc pressure, self-gravity and viscosity. Adopting the ansatz that the disc precesses coherently with aligned apsides, the eccentricity evolution equations of the planet-disc system reduce to a set of linearized ODEs, which allows for fast computation of the evolution of planet-disc eccentricities over long timescales. Applying our model to "giant planet + external disc" systems, we are able to reproduce and explain the secular behaviours found in previously published hydrodynamical simulations. We re-examine the possibility of eccentricity excitation (due to secular resonance) of multiple planets embedded in a dispersing disc, and find that taking into account the dynamics of eccentric discs can significantly affect the evolution of the planets' eccentricities.
INTRODUCTION
The origin of the eccentricity distribution of extrasolar giant planets remains poorly understood. While gravitational interactions between planets and with external stellar companions can play important roles, planet-disc interactions provide the seeds or "floors" for the initial eccentricities of planets formed in protoplanetary discs.
Early work on the subject was developed in the context of satellites and planetary rings, by Goldreich & Tremaine (1980 , 1981 . When a satellite is massive enough to open a gap in the ring, eccentric Lindblad resonances (ELR) lead to eccentricity excitation, while eccentric corotation resonance (ECR) lead (in general) to eccentricity damping. Goldreich & Tremaine (1980) argued that ECRs overcome ELRs by a small amount, leading to an overall damping of eccentricity. Goldreich & Sari (2003) and Ogilvie & Lubow (2003) considered giant planet-disc interactions and showed that ECRs undergo non-linear saturation as the eccentricity increases, and become ineffective at damping eccentricities. This suggests that a gap-opening planet may undergo eccentricity growth if its initial eccentricity is larger than a (small) critical value.
More recently, Teyssandier & Ogilvie (2016) developed a more complete picture of eccentricity evolution during ⋆ E-mail: jt553@cornell.edu disc-planet interactions. Their work went beyond that of Goldreich & Sari (2003) by taking into account the back reaction of the planet on the disc, and deriving a wave equation that describes the evolution of eccentricity in the disc under the effect of pressure, viscosity, self-gravity and external forcing. They presented a careful treatment of the width and torque density distribution of both ELRs and ECRs, and showed that growth of eccentricity is possible even when ECRs are not saturated.
Along with these theoretical developments, advances in computational simulations have also allowed for this problem to be tackled numerically. Papaloizou et al. (2001) showed that the eccentricity of a massive body (larger than 20 Jupiter masses) is excited due to interactions with a disc, which itself also becomes eccentric. Various authors (Kley & Dirksen 2006; Regály et al. 2010; Teyssandier & Ogilvie 2017) have simulated the eccentricity dynamics of discs with gap-opening planets on fixed circular orbits. One general finding is that an initially circular disc can become eccentric when the planet-to-star mass ratio is larger than ∼ 0.003. Above this threshold, Teyssandier & Ogilvie (2017) showed that the growth rate and precession rate of the disc eccentricity agree well with the linear theory of Teyssandier & Ogilvie (2016) . Recently, Muley et al. (2019) recovered this result by allowing the planet to evolve freely in the disc and grow in mass as it accretes material from its surroundings.
Recent observations are providing further motivation for understanding the growth of eccentricity during planetdisc interactions. For example, radial velocity measurements of CI Tau, a young ( 2 Myrs) T Tauri star with a disc, suggested the presence of a giant planet ( 10 Jupiter masses) on a 9 day orbit with eccentricity of 0.3 (Johns-Krull et al. 2016) . Rosotti et al. (2017) and Ragusa et al. (2018) carried out two two-dimensional hydrodynamical simulations of planet-disc interactions with different disc masses. In one of their simulations the eccentricity of the planet grew over very long timescales (> 10 5 planetary orbits) to reach ∼ 0.12, and was still growing by the end of the simulation. This work showed that planet-disc interaction could explain the eccentricity of this putative planet.
Planet-disc interactions have been recently invoked by Petrovich et al. (2019) to explain the orbital architecture of the Kepler-419 system, where two giant planets were detected with high eccentricities and anti-aligned arguments of pericentres. The authors proposed that, as the disc exterior to the planets disperses (e.g. due to photoevaporation), the precession rates induced by its gravitational potential on the planets change, and the planets eventually cross a secular resonance, during which eccentricity excitation and apsidal anti-alignment occur. A key assumption of this work is that the disc remains circular and is not affected by the planets. This assumption cannot be justified as the disc inevitably develops eccentricity. As we show in this paper (Section 6), including the dynamics of eccentric discs significantly changes the effectiveness of the mechanism of Petrovich et al. (2019) .
Hydrodynamical simulations of planet-disc interactions (such as those by Ragusa et al. 2018 ) are time-consuming, particularly when long-term evolution (over 10 5 orbits) is required to capture the "correct" answer. The linear theory of eccentric discs Teyssandier & Ogilvie (2016) reduces the problem to one spatial dimension, but still involves complicated integral-differential equations. The main goal of this paper is to formulate a simple model of planet-disc interactions that can efficiently follow the disc eccentricity evolution. In essence, we develop a "reduced" version of the Teyssandier & Ogilvie (2016) theory by adopting a "trial wavefunction" ansatz for the disc eccentricity profile which otherwise must be solved in a self-consistent way. This ansatz is necessarily approximate, but allows us to transform the complicated integral-differential equations for the evolution of disc-planet eccentricities into simple ordinary differential equations. For many situations, these ODEs capture the essential physics of the secular interactions between the planet and disc, and can be easily integrated over long timescales.
The plan of the paper is as follows. In Section 2 we introduce our "reduced" model for the dynamics of eccentric discs and planet-disc interactions. In Section 3 we show how internal processes in the disc (pressure, self-gravity and viscosity) can be included in this model; we derive scaling laws for the relevant precession/damping frequencies of this model in Section 4. In Section 5 we show that our model agrees well with the outcome of hydrodynamical simulations, and we apply it to the case of Kepler-419 in Section 6. Finally we discuss the limitations of our model in Section 7, and conclude in Section 8.
EVOLUTION EQUATIONS FOR AN ECCENTRIC DISC-PLANET SYSTEM

Notations
To a first approximation, fluid elements in an eccentric disc follow elliptical Keplerian orbits. The eccentricity e and argument of pericentre ̟ vary smoothly with the orbital distance from the star. For small gradients in e and ̟, the orbits are nested without intersections. For small (linear) eccentricities, it is convenient to present the evolutionary equations in terms of the complex eccentricity E(r, t) = e e i̟ . Since |E | = e(r, t) and arg (E) = ̟(r, t), this variable conveniently describes both the shape and the orientation of the elliptical orbits. With similar notations, the planet has a complex eccentricity E p (t) = e p e i̟ p . We denote by a p , Ω p and M p the semi-major axis, orbital frequency and mass of the planet. In addition we denote by M d the total mass of the disc.
Secular evolution of a planet-disc system
In this section we only consider the long-term (secular) interaction between a planet and a disc. The disc is represented by a continuum of nested eccentric rings. Including only gravitational interactions between the planet and disc, the equations of motion are as follows (Teyssandier & Ogilvie 2016) :
where Σ is the surface density, Ω the orbital angular frequency, and the K coefficients are related to the usual Laplace coefficients of celestial mechanics, and defined in Eq. (A6). The first equation describes how the complex eccentricity of one ring evolves under the perturbation from the planet; the pressure, viscosity and self-gravity terms will be added to the right-hand side in later sections. The second equation describes how all the rings collectively cause the eccentricity of the planet to evolve. Unless otherwise mentioned, all the integrals in this paper are carried out over the radial extent of the disc. We now adopt the following ansatz for the complex disc eccentricity E(r, t):
where f is a function of radius that describes the distribution of eccentricity in the disc; it can be considered as a "trial function" for the disk eccentricity profile. This ansatz assumes that the disc precesses coherently, with a common "mean disc eccentricity" E d (t) for different rings. In general, this assumption needs to be justified a posteriori for different situations (see Section 7 for a discussion). We now derive the time evolution equation for E d (t), assuming a given radial distribution f (r). To achieve this, we multiply equation (1) by f (r) and integrate over the disc, yielding:
We have therefore reduced the integro-differential system of Equations (1) and (2) to a set of two linear ODEs, one for the planet and one for the disc. Including internal effects in the disc (pressure, self-gravity and viscosity, see Section 3) will modify the ω d,p coefficient; the three other frequencies are only due to the secular planet-disc interactions, and are therefore unmodified.
Angular momentum deficit
By analogy with celestial mechanics, it is useful to consider the angular momentum deficit (AMD) of the system. For small eccentricities, the total AMD of the disc is:
A planet with a complex eccentricity E p has an associated AMD of the form (for small |E p |)
Secular interactions between the disc and the planet exchange AMD between the disc and the planet. The total AMD of the system,
is a conserved quantity, that is, dA/dt = 0. Multiplying equations (1) and (2) by the complex conjugate eccentricities and integrating eq. (1) over the disc radial extent confirm that AMD is indeed conserved (Teyssandier & Ogilvie 2016) .
With the disc eccentricity ansatz (3), the disc-planet evolution equations (7)-(8) satisfy
which is precisely the conservation of AMD. If we had not multiply equation (4) by f (r), the system of equations we would have eventually obtained would not have satisfied the conservation of AMD.
INTERNAL PROCESSES IN THE DISC
In addition to its secular interaction with a planet, a disc will evolve under a variety of internal processes that can affect its eccentricity. Two of these processes, pressure and self-gravity, lead to precession of the disc and maintain the overall conservation of AMD. On the other hand, dissipative processes like viscosity lead to an overall damping of AMD. Resonances (Lindblad and corotation) can lead a net growth or damping of AMD, but are not included here.
The expressions for the precession and growth rates of eccentric modes for all these processes are given in Teyssandier & Ogilvie (2016) and we review them here. These integral expressions were derived assuming that the eccentricity of the system can be represented as a series of normal modes. All of these modes have a radial distribution of eccentricity given by their eigenfunction, and the introduction of the function f (r) in Section 2 can be regarded as an ansatz of this eigenfunction. These normal modes are assumed to have a time dependence of the form e iωt , where ω is a complex eigenfrequency. Such a mode corresponds to a fixed distribution of elliptical orbits of the disc and planet(s), which precess at a rate given by the real part of ω and grows (or decays) at a rate given by minus (or plus) the imaginary part of ω.
Effect of pressure
Pressure forces cause the disc to precess in a prograde or retrograde way. We give here the expressions for isothermal discs (equivalent expressions exist for adiabatic discs, see Teyssandier & Ogilvie 2016) , where the height-integrated pressure is P = Σc 2 s , with c s = HΩ the sound speed for a disc of vertical scale-height H. We assume that the aspect ratio h ≡ H/r is constant, and that the rotation profile is Keplerian: Ω = GM * /r 3 . Using the integral relations derived in Teyssandier & Ogilvie (2016) , the disc precession rate due to pressure can be written in the form:
where A is given by eq. (15). The different terms are defined as follows:
(corresponding to a non-adiabatic contribution for the locally isothermal model only), and
which is a term arising from 3D effects described in Teyssandier & Ogilvie (2016) . In the 2D case we see that the two terms (Eqs.18-19) associated with pressure cause a retrograde precession of the mode, provided that the pressure gradient is negative. The 3D term (Eq. 21) induces a prograde precession of the disc. In Teyssandier & Ogilvie (2016) we also found that nonadiabatic effects damp the eccentricity of isothermal discs at a rate which depends on the gradient of the argument of pericentre, ∂̟/∂r. Since our ansatz (Eq. 3) assumes rigidly precessing modes (∂̟/∂r = 0), we do not take this effect into account.
Effect of self-gravity
Self-gravity causes the disc to precess at the rate
Effect of viscosity
Viscosity acts to damp the eccentricity. This can be written as an imaginary frequency iω d,visc with
and
As discussed in Teyssandier & Ogilvie (2016) , this is a bulk viscosity aiming at incorporating any physical process that damps eccentricity in the disc (with the exception of resonant effects which require a specific treatment).
Summary of all effects
Adding all the "internal" disc effects to Eqs. (7)-(8), the final set of equations for the eccentric disc-planet system becomes:
where we have introduced
the free precession rate of the disc. We have therefore reduced the interaction between a planet and an extended disc to the interaction between two rings, one representing the planet and one representing the disc. The disc "ring" is allowed to precess on its own due to two internal forces (pressure and self-gravity), and its eccentricity can be damped due to viscosity. The system formed by Equations (26)-(27) obeys the following conservation law:
where the left-hand side of this equation is the timederivative of the (linearized) total AMD. Hence pressure and self-gravity do not affect the conservation of the total AMD, but viscosity decreases it. Note that mutual interactions and viscous dissipation also conserve the angular momentum of the system. This implies that the disc size will evolve. This effect is of order e 2 d and will be neglected in this paper 1 .
PRECESSION AND DAMPING RATES FOR SIMPLE DISC PROFILES
We consider a disc extending from r in to r out with surface density, rotation rate and sound speed profiles given by:
where Σ 0 , Ω in , h(< 1) are constant. The eccentricity profile is given by
With these radial profiles, the precession frequencies associated with pressure and self-gravity, and the damping rate associated with viscosity can be written as
where η = (1+A p /A d ) −1 , and the corresponding dimensionless frequenciesω d,pr ,ω d,sg andω d,visc are given in Appendix A. The ratio of planet and disc AMDs, A p /A d , can be simply evaluated using Equations (13) and (14). The dimensionless frequenciesω d,pr ,ω d,sg andω d,visc depend on r out /r in , s(x) and f (x) (where x ≡ x/r in ). Whileω d,pr andω d,visc involve computing a simple integral,ω d,sg involves a triple integral which is non-trivial to evaluate. For the convenience of readers interested in obtaining a quick "read-out" ofω d,sg , we plot it in Figure 1 as a function of r out /r in for power-law discs. We set s(r) = (r/r in ) −n and f (r) = (r/r in ) −m , and computeω d,sg for different indices (m, n). Note that we consider both m > 0 and m ≤ 0. The former corresponds to a disc which is eccentric in its inner parts, as could arise when a perturber is located inside the inner edge of the disc; the latter corresponds to a disc which is eccentric everywhere or in its outer parts, as could be expected for discs perturbed by outer companions.
The precession frequencies associated with planet-disc interactions can be similarly evaluated. For concreteness we consider a planet interior to the disc (a p < r in ). For a p ≪ r, we have K 1 ≈ (3/4)a 2 p /r 3 and K 2 ≈ (15/16)a 3 p /r 4 , and the frequencies related to disc-planet interactions can be written as
where Ω p = (GM * /a 3 p ) 1/2 and we have defined the local mass of the disc at the inner edge, M loc = 2πΣ 0 r 2 in . The dimensionless frequenciesω d,p ,ω p,d ,ν d,p andν p,d are given in Appendix A. Except for the dimensionless coefficientsω's, these expressions (37)-(40) are similar to those governing the secular dynamics of two planets (see, e.g, Chapter 7 of Murray & Dermott 1999).
Power-law discs and inner edge effects
The simplest disc model has power-law profiles
As an example, we consider a 1 M J planet orbiting a 1 M ⊙ star at a p = 1 au on a circular orbit, and a disc extends from r in = 2 au to r out = 20 au. We take n = 1 and m = 3. We impose a total disc mass and derive Σ 0 accordingly. We also assume h = 0.04. With these profiles, we can now compute the precession frequencies ω d,pr , ω d,sg , ω d,p and ω p,d , given by equations (34), (35), (37) and (39), respectively. The disc therefore precesses at a rate given by ω d = ω d,pr + ω d,sg + ω d,p . We plot these frequencies as a function of disc mass on the left panel of Figure 2 . As the disc mass decreases (for example because of photo-evaporation), the frequencies change in time, and it is possible that the disc precession frequency matches the planet precession frequency, i.e. ω d ∼ ω p,d . With the parameters that we chose, this happens when the disc mass is ∼ 0.05M ⊙ . This suggests that as the disc dissipates, the system could cross a secular resonance. However note that the frequency ω d,pr depends sensitively on the disc radial profile through the pressure gradient (Equation 19 ). A realistic disc does not go to zero density suddenly at r = r in . For example, when the inner planet opens a gap, the disc outside the orbit of the planet develops a strong positive density gradients. We illustrate this effect by considering the density profile:
where the tanh serves as a taper function that smoothly decreases the surface density to zero around r in . The steepness of the taper is specified by the width w.
On the right panel of Figure 2 , we re-compute the various precession frequencies, similar to the left panel of Figure  2 but with our new density profile (Eq. 42, with w = 0.1a p ). We see that the pressure-induced precession frequency ω d,pr (dashed blue curve ) is significantly modified: whereas it was negative when using a power-law density profile, it is now positive. The planet's precession frequency no longer crosses the disc's precession frequency as the disc mass decreases, keeping the system away from secular resonances.
On Figure 3 , we plot ω d,pr as a function of w, the width of the taper function, with all the other parameters kept the same as above. For w 0.25a p (corresponding to steep density gradients), the value of ω d,pr is mostly unaffected by the choice of w. As w increases (and the gradient decreases), ω d,pr changes sign from positive to negative.
ONE PLANET AND AN OUTER DISC
In this section we apply our simplified eccentric disc dynamics model to study the long-term evolution of a giant planet interacting with an outer disc. We compare our result to the hydrodynamical simulations of Ragusa et al. (2018) and show that our simplified model can reproduce the main secular features of the simulation results. Ragusa et al. (2018) simulations Ragusa et al. (2018) carried out two long-term simulations (about 300,000 planetary orbits) of a giant planet (M p = 13M J ) in a disc. In their simulations, the disc was set up to be locally isothermal, with a radially-dependent aspect ratio: h = H/r = 0.036(r/a p ) 0.215 , extending from r in = 0.2a p to r out = 15a p . The initial surface density was set to a power-law profile (r/a p ) −0.3 with an exponential taper for r > 5a p . The viscosity was implemented with an α-prescription, where α = 10 −3 (r/a p ) −0.63 also varies with radius. The boundary was closed at the outer edge of the disc, and open at the inner edge. The planet and the disc were initially on circular orbits, and the planet was free to evolve under the combined gravitational potential of the star and disc. Ragusa et al. (2018) considered two cases: one with a "light" disc of initial mass 0.2M p , and another with a "massive" disc of mass 0.65M p . In the simulations, the inner disc drains on a relatively short timescale, leaving behind a planet and outer disc. For the "light" disc case, the system eventually settles in an aligned mode, where the disc rigidly precesses at the same rate as the planet, so that the difference in arguments of pericentres between the planet and the disc librates around 0. The eccentricity of the disc grows rapidly to reach 0.1 at the location where the radial profile of disc AMD is maximum. The eccentricity of the planet grows much more slowly, to reach 0.12 after 300,000 orbits. For the "massive" disc case, the system settles in an anti-aligned mode, where the arguments of pericentre of the rigidly-precessing disc is 180°away from that of the planet. The disc and the planet initially experience a rapid growth of eccentricity (up to ∼ 0.1), before slowly decaying over time.
Main results of the
Although the rapid growth of eccentricity at the beginning of each simulations (which is due to Lindblad resonances and has been studied extensively by Teyssandier & Ogilvie 2017) cannot be captured by our model, the secular evolution and (possible) viscous damping seen in the simulations can serve as a benchmark to test the validity of our model. In particular, we focus on the locking of the system in either the aligned or anti-aligned mode.
Result from eccentric disc model and comparison with simulations
Since the hydrodynamical simulations of Ragusa et al. (2018) were 2D, we set the 3D term in Equation (26) to be 0. We also ignore the effect of self-gravity. As the disc interior to the planet's orbit was rapidly cleared away in the simulations, we focus on the effect of the outer disc. We find that using the following surface density profile:
with r in = 3.a p and w = 0.3a p matches well the simulation's density profile for the disc exterior to the planet at t = 30, 000 orbits, as shown in Figure 4 . At this point of the simulation, the disc's eccentricity has grown and saturated to its maximum value, and the disc-plane system in interacting secularly; it its therefore a good starting point for our model.
For the eccentricity function f , we use the simple power law f (r) = r −3/2 . Combined with the surface density profile, this eccentricity profile gives a good match for the radial distribution of disc AMD, as can be seen in the right panel of Figure 4 . We also set α = 0.025 and H/r = 0.036. The initial complex eccentricities of the disc and planet match that of the simulations at 30,000 orbits, and are given in Table 1 . Figure 4 . Surface density (left) and AMD (right) profiles for the disc model of Ragusa et al. (2018) . The orange curves are directly extracted from the simulations after the system has experienced eccentricity growth due to resonances, while the blue curves represent our disc model. The disc AMD profile is given by the integrand of Eq. (13). Our disc model does not attempt to include the disc inside the orbit of the planet, whose position is indicated by a red dot.
The top panels of Figure 5 show the result of our calculation when applied to the "light disc case", while the bottom panels shows the result for the "massive disc" case. These results are to be compared with the left and right panels of Figures 6 and 7 of Ragusa et al. (2018) , respectively. The qualitative agreement between our model and and hydrodynamical simulations is good, and we proceed to quantify this further in the next section.
Normal mode interpretation
Equations (26) and (27) can be solved as a superposition of two eigenvectors, each of them having an associated eigenfrequency. One mode is "aligned" (meaning that the difference of arguments of pericentres of the planet and disc is zero), while the other one is "anti-aligned" (the difference is 180°). In addition, the aligned mode precesses slower than the antialigned. More details, as well as a discussion of adding the effect of damping on these modes, can be found in Zhang et al. (2013) . Let's denote the aligned and anti-aligned eigenvectors by v + and v − , respectively, with associated eigenfrequencies g + and g − . Because of viscosity, the eigenfrequencies have a real part (associated with precession) and an imaginary part (associated with viscous damping). Then the time evolution of the disc and planet complex eccentricities is given by: Figure 5 . Time evolution of the planet (blue) and disc (orange) eccentricity (left) and argument of pericentre (right), for the "light disc" (top ) and "massive disc" (bottom) case of Ragusa et al. (2018) , but calculated using our simplified eccentric disc model.. The disc's eccentricity and argument of pericentre are measured at the location where the disc AMD profile is maximum (see the right panel of Figure 4 ). On the right panels, the green points give the difference between the arguments of pericentre of the planet and the disc. The parameters of these calculations are described in Section 5.2.
where A and B are constant determined by initial conditions. In Table 2 we give the values of the eigenvectors and eigenfrequencies for both the light and massive disc cases. The light disc shows a clear distinction between the aligned and anti-aligned mode, with the aligned mode precessing 8 times slower, and being damped 50 times slower than the anti-aligned mode. As a consequence, the light disc case presented in Figure 5 naturally ends up in the aligned configuration. The anti-aligned mode is predominantly in the disc, which explains why the eccentricity of the disc decreases over the timescale of the light disc simulation, while that of the planet remains roughly constant. We have verified that regardless of the initial differences in the arguments of pericentres (ranging from 0°to 180°), the system always ends up in the aligned configuration within 3 × 10 5 orbits for our choice of fiducial viscosity.
In the massive disc case, the modal structure is rather different. Both modes are roughly equally shared between the planet and the disc, and have similar precession and damping rates. The anti-aligned mode damps slightly slower, and we expect that the system would settle in this configuration given enough time, regardless of the initial conditions. We have verified this by starting the the massive disc calculation with the disc and the planet aligned. The system slowly departs from this configuration, and after about 10 6 orbits it is fully in the anti-aligned configuration.
The normal mode analysis gives insight into the dynamics in the presence of damping. Depending on the disc mass, the system settles in either the aligned or anti-aligned mode, and more massive discs always lead to anti-alignment. Overall, our eccentric disc model successfully captures the secular evolution of the Ragusa et al. (2018) simulations.
Discussion
Although we obtain a qualitative match with the two simulations presented in Ragusa et al. (2018) , some differences exist. A quantitative match cannot be obtained as the surface density evolves in time in the hydrodynamical simulations. In addition, a shift from prograde to retrograde precession occurs in the later part of the massive disc simulation of Ragusa et al. (2018) , which we could not reproduce nor explain.
We had to employ an α viscosity (α b = 0.025) to reproduce the mode damping rate seen in the Ragusa et al. (2018) simulations. This is higher than the viscosity used by Ragusa et al. (2018) . This discrepancy arises because our model uses a bulk viscosity. As stressed by Teyssandier & Ogilvie (2016) , this bulk term represents whichever process (apart from resonances) acts to damp the eccentricity, and should not be strictly regarded as an hydrodynamical viscosity. Table 2 . Eigenvectors and eigenvalues of a "planet + outer disc" system, for the light and massive disc cases (see Section 5). The eigenfrequencies are given in units of the planet's orbital frequencies.
Aligned eigenvector (v + ) Aligned eigenvalue (g + ) Anti-aligned eigenvector (v − ) Anti-aligned eigenvalue (g − ) Light disc 0.31 − 0.01 i 0.95 1 × 10 −5 + 2 × 10 −8 i 1 −0.05 + 10 −3 i 8 × 10 −5 + 10 −6 i Massive disc 0.82 0.57 + 0.02 i 6 × 10 −5 + 8 × 10 −7 i −0.63 − 0.02 i 0.77 9 × 10 −5 + 5 × 10 −7 i
The simulations of Ragusa et al. (2018) capture more physics, as they allow for the eccentricities to grow under the effect of Lindblad resonances, in agreement with the theory of Teyssandier & Ogilvie (2016) . In the light disc simulation of Ragusa et al. (2018) , this led to a slow growth of eccentricity of the planet from 0 to 0.1 over 300,000 orbits. Our secular disc model does not capture this. In most cases however, the growth of eccentricity of the disc due to Lindblad resonances is very rapid and saturates to moderate values, as studied in Teyssandier & Ogilvie (2017) . It is therefore acceptable to start our simulations with an eccentric disc, and assume that the planet is slightly eccentric.
TWO PLANETS AND AN OUTER DISC
As an application of our simplified eccentric disc evolution model, we consider a system of two giant planets interacting with an outer disc. Petrovich et al. (2019) recently studied the Kepler-419 system, where two giant planets orbit a central star in an anti-aligned configuration (̟ c − ̟ b ≃ 182 • ) with high eccentricities (e b ≃ 0.82 for the inner planet, and e c ≃ 0.18 for the outer planet; see Dawson et al. 2014) . They proposed a model in which disc clearing over long timescales (for instance due to photo-evaporation) causes the two planets to cross a secular resonance which would excite their eccentricities to large values and lock them in an anti-aligned configuration, in agreement with observations. However, Petrovich et al. (2019) treated the disc as being passive, with no eccentricity; in essence, they did not take into account the back reaction of the planets on the disc, and the disc serves as an infinite reservoir of angular momentum. In this section we use our simplified eccentric disc evolution model to explore whether the dynamics observed by Petrovich et al. (2019) still holds when the planets and the disc are allowed to exchange eccentricities.
Initial conditions and disc model
We consider the evolution of two planets and a disc, with the two planets having similar properties as the Kepler-419 system: M b = 2.77M J and M c = 7.65M J , a b = 0.3745 au and a c = 1.697 au, orbit a star of mass M * = 1.438M ⊙ . Following Petrovich et al. (2019) , we use the following initial conditions: e b = 0.05, e c = 0.4, and ̟ c − ̟ b = 150°. Unlike Petrovich et al. (2019) , we do not consider the inclination evolution. In addition to planet-disc interactions, we must also include the interaction between planet b and planet c. The relevant equations governing the planet-planet interactions are given in Appendix B.
We use a similar disc model as Petrovich et al. (2019) .
The disc surface density is given by Equation (42) with n = 3/2. The gap width w = 0.1a c is such that the disc radial AMD profile is maximum at r = 1.5a c , and the disc extends to r out = 15a c . The disc mass is initially set to M d,0 = 0.1M * , and decreases in time as
where τ v = 10 5 yr is the disc decay time. We also assume h = H/r = 0.05 and α b = 0.01. The disc eccentricity profile is a power-law with m = 3 (see Eq. 41) and the initial disc eccentricity is normalized so that e d = 0.1 at the location in the disc where the radial profile of AMD is maximum.
Results
We first perform a similar calculation as Petrovich et al. (2019) , assuming that the disc has no eccentricity, does not precess, nor viscously decays in time (i.e., ω d,pr = ω d,sg = ω d,visc = 0), and that the planet does not back-react on the disc, (i.e., ω d,p = ν d,p = 0). In Figure 6 we show the result of such calculation. We see that after a few 10 5 yrs, the system crosses a secular resonance, which excites the eccentricity of planet b while decreasing the eccentricity of planet c. The final planetary eccentricities are near the observed values, and the arguments of pericentres are locked into an anti-aligned configuration. Our Figure 6 exhibits a similar evolution and end result as that shown in Figure 4 of Petrovich et al. (2019) , despite the fact that we do include inclination evolution. Next we proceed to examine the consequences of allowing back-reaction of the planet on the disc, as well as allowing the disc eccentricity to evolve under its own internal effects. In Figure 7 we show that in this case, the mechanism observed by Petrovich et al. (2019) no longer operates, and the eccentricities are damped. The outer planet and the disc become locked in an anti-aligned configuration, indicating that they are likely to be evolving in a common secular mode. Because of this mode coupling, damping of the disc eccentricity due to viscosity propagates to the rest of the system and eventually damps the eccentricities of the two planets.
We have experimented with different values of h, as well as different eccentricity distribution profiles (different power-law profiles) and different values of the coefficients that determine the width of the surface density tapering function (see Section 4.1). In no case were we able to reach the high planetary eccentricities attained in the Petrovich et al. (2019) calculation.
The disc viscosity is uncertain. With our canonical choice of α b = 0.01 in Figure 7 , we managed to entirely suppress the growth of planetary eccentricity. In Figure 8 we show the same calculation as in Figure 7 , but with α b = 0.001. In this case the eccentricity excitation of planet b, although quenched, is not fully suppressed, and the final eccentricity reaches e b ∼ 0.25. In the meantime the disc goes through a phase of high eccentricity before being damped. Hydrodynamical simulations indicate that growth of eccentricity in discs tends to saturate when the maximum eccentricity reaches 0.2-0.3, at which point non-linear effects related to strong pressure gradients and nearly crossing orbits prevent further eccentricity growth (Teyssandier & Ogilvie 2017) . These non-linear effects are not included in our model. The high disc eccentricity phase seen in Figure 8 is a consequence of the crossing of a secular resonance: at the time of crossing, the disc mass is about 3M J , similar to planet b, and lower than planet c; thus the disc is susceptible to strong eccentricity excitation, because it no longer strongly dominates the angular momentum budget of the system. This is one of the limitations of our model, where a low-mass disc might be subject to unphysically high excitation of eccentricity, especially if resonant crossing is involved. In reality, once the disc reaches a high eccentricity, nonlinear dissipation will likely lead to significant damping, and the final planet b eccentricity will be lower than depicted in Figure  8 .
DISCUSSION
Our simplified theory and equations for the secular dynamics of eccentric discs developed in Sections 2-3 are necessarily approximate. They assume small disc eccentricity and do not account for the possibility of eccentricity excitation due to Lindblad resonances. The eccentricity profile f (r) ("trial function") must be prescribed in the theory. Most importantly, the theory assumes that the disc as a whole precesses coherently, with different "rings" having the same precession rate (see Eq. 3) .
Under what conditions is the "coherent disc" ansatz valid? While a rigorous answer to this question can only come from hydrodynamical simulations or from solving the complicated integral-differential eccentric disc equations of Teyssandier & Ogilvie (2016) (which also do not take account of non-linear effects), we can offer the following qualitative answer. Consider a disc interacting with an interior planet (a p < r in ). The torque (per unit mass) acting on the disc from the planet is T p ∼ GM p a 2 p /r 3 , and it gives rise to differential apsidal precession ω p ∼ T p /(r 2 Ω) ∼ (M p /M ⋆ )(a p /r) 2 Ω. On the other hand, the torques due to disc pressure and self-gravity are T pr ∼ c 2 s and T sg ∼ πGΣr, respectively, and they keep the disc coherent at the rates 2 given by ω pr ∼ (H/r) 2 Ω and ω sg ∼ (πΣr 2 /M * )Ω. A necessary condition for the disc to maintain coherence is that ω pr ω p or ω sg ω p is satisfied. For discs with H/r ∼constant, the condition ω pr ω p can be more easily satisfied at large radii than at small radii.
A more stringent condition for disc coherence is that the global disc precession time |g| −1 (where g is the eigenfrequency of the disc-planet system; see Section 5.3 for example) be longer than the "eccentricity communication times" due to pressure and self-gravity throughout the disc. That is, coherent precession of the disc requires ω pr ∼ (H/r) 2 Ω |g|, or ω sg ∼ (πΣr/M * )Ω |g|.
Since both ω pr and ω sg decrease with increasing r, these conditions inevitably break down at large disc radii. In practice, for an extended disc, a precise determination of the coherent disc region is not crucial for capturing the secular effect of eccentric disc -planet interaction in our simplified theory. As we see from Sections 2-3, the disc eccentricity "trial function" f (r) enters into the expressions of all relevant disc precession frequencies. For a sufficiently rapid declining function f (r), these frequencies are not modified significantly by the choice of the outer (coherent) disc radius, as long as the inner disc region, where most of the disc AMD is concentrated, is coherently precessing. In another word, we can choose the function f (r) to vanish in the non-coherent region and the result will not be affected. In discs tidally perturbed by a planet/companion, the fastest growing eccentric mode is expected to develop near the perturber and to damp far away from it, so choosing a function f that vanishes at one end of the disc is physically justified (Lubow 1991; Teyssandier & Ogilvie 2016) .
Another uncertainty in applying our simplified eccentric disc evolution equations arises from the pressure-induced precession term. We have seen in Section 4.1 that ω d,pr can depend sensitively on the disc pressure gradient, and introducing a taper function that brings the surface density to zero at the inner disc edge can significantly change the disc precession rate, which in turn affects the possibility of secular resonance crossing. The parameters that govern the shape of this taper are somehow arbitrary, and different values will affect the result, mostly by changing the slope of the pressure gradient at the inner edge. The values we chose in Sections 5 and 6 gave a good fit to the simulations by Ragusa et al. (2018) , but a better understanding of the disc truncation at the inner edge would lead to a more robust result.
In the application discussed in Section 6, we have followed Petrovich et al. (2019) to consider a simple disc clearing model -this has allowed us to illustrate the important role played by including the dynamics of eccentric discs. Obviously, realistic disc clearing is a much more complicated process, involving accretion onto the star, photo-evaporation and magnetic winds. One possibility that we have not addressed in this paper is that the inner disc radius could change in time during disc clearing, thereby further reducing the strength of planet-disc interactions.
One additional caveat concerns our treatment of planetplanet interactions in the application discussed in Section 6. Our equations for planet-disc interactions are linear and valid for small eccentricities only. On the other hand, we have modelled planet-planet interactions using an expansion in semi-major axis, valid for arbitrary eccentricities. Strictly speaking, this non-linear expansion does not conserve the linear AMD introduced in Section 2.3. We have found that this inconsistency does not significantly affect our results. One could use the linear Laplace-Lagrange theory to model planet-planet interactions, which has a similar structure as our planet-disc equations, and would conserve linear AMD exactly. However, its accuracy when a planet reaches a large eccentricity would be doubtful. We have also investigated whether introducing non-linear terms in the planet-disc equations lead to significant different results. In order to do so, we made use of the formalism developed by Ogilvie (2007) to compute higher order terms in the disturbing function. We obtained evolutionary equations with terms proportional to E 3 , which turned out to have a negligible effect on our results. We chose not to include these rather lengthy equations in this paper, and to neglect these non-linear effects.
Our treatment of self-gravity relies on a softening of the Laplace coefficients. Softening schemes in self-gravitating discs have been studied by many authors (e.g., Tremaine 2001; Touma 2002; Hahn 2003; Teyssandier & Ogilvie 2016; Sefilian & Rafikov 2019; Lee et al. 2019) . Recently, Sefilian & Rafikov (2019) examined how applying the softening directly to the disc potential results in modified expressions for the Laplace coefficients. An interesting feature of this approach is that it gives rise to the possibility that the disc precesses retrogradely under its own self-gravity, while the approach we use here (based on Teyssandier & Ogilvie 2016) always leads to prograde precession. 3 While the approach of Sefilian & Rafikov (2019) might be true for particle (e.g., debris) discs, it is not clear whether it still holds true for gaseous discs, where pressure prevents streamline crossing and provides a natural softening length. Recent numerical (Mutter et al. 2017 ) and analytical works (Lee et al. 2019) indeed find that discs supported by pressure and selfgravity precess in the prograde direction.
Finally, it is of interest to compare our planet -eccentric disc model with planet -inclined disc models studied by many authors. The theory of warped discs in the presence of an inclined perturber is as complex as that of eccentric discs, if not more so (see, e.g., Papaloizou & Pringle 1983; Papaloizou & Lin 1995; Ogilvie 1999; Lubow & Ogilvie 2000; Ogilvie 2001; Lubow & Ogilvie 2001; Ogilvie 2006; Ogilvie & Latter 2013; Foucart & Lai 2014; Ogilvie 2018) . However, if we assume that the disc warp is small and that the disc is able to maintain coherent rigid-body-like nodal precession -both assumptions can be justified in many situations, then the evolution equations governing an inclined planet -disc system become very simple, and can lead to many novel applications (see, e.g., Batygin 2012; Lai 2014; Zanazzi & Lai 2018a,b,c) . The simplified planet -eccentric disc model developed in this paper has similar virtues as the "inclined planet -rigid disc" model. Thus, despite the various caveats discussed above, the model developed in this paper should find useful applications in many planet -disc problems (and Sections 5 and 6 clearly illustrate the utility of our model).
CONCLUSION
In this paper we have developed a simplified model of planetdisc interactions that captures the long-term (secular) dynamics of the eccentric disc and planet(s). The model is based on the ansatz that the disc maintains coherent apsidal precession under the combined influences of the external (from the planet) and internal forces. Our model includes the gravitational coupling between the disc and the planet(s), as well as internal effects due to pressure, self-gravity and viscosity. Equations (26) and (27) are the main result of the paper. They reduce the planet-disc eccentricity evolution to a set of linearized ODEs, where the planet and the disc are each represented by an eccentric ring. This set of equations can be generalized to multiple planets. The equations are easy to implement, and can be used study the long-term eccentricity evolution of planet-disc systems without resorting to computationally demanding hydrodynamical simulations.
Applying our equations to the "giant planet + external disc" system, we found that our model captures the main secular features seen in the long-term hydrodynamical simulations of Ragusa et al. (2018) . We also revisited the work of Petrovich et al. (2019) in light of our improved treatment of planet-disc interactions. We found that the eccentricity growth observed when two planets cross a secular resonance while an external disc is dispersing can be significantly quenched when the back reaction of the planets on the disc is allowed. This illustrates the importance of properly taking account of the dynamics of eccentric discs in studying "planets + disc" systems.
While our model and equations are approximate and do not include some important effects (such as eccentricity excitation and non-linear effects), they can be easily adapted to any astrophysical problems involving eccentric discs and perturbing companions.
